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Abstrat
We disuss the possibility of implementing a universal quantum XOR
gate by using two oupled quantum dots subjet to external magneti
elds that are parallel and slightly dierent. We onsider this system
in two dierent eld ongurations. In the rst ase, parallel external
elds with the intensity dierene at eah spin being proportional to the
time-dependent interation between the spins. A general exat solution
desribing this system is presented and analyzed to adjust eld param-
eters. Then we onsider parallel elds with intensity dierene at eah
spin being onstant and the interation between the spins swithing on
and o adiabatially. In both ases we adjust harateristis of the ex-
ternal elds (their intensities and duration) in order to have the parallel
pulse adequate for onstruting the XOR gate. In order to provide a om-
plete theoretial desription of all the ases, we derive relations between
the spin interation, the inter-dot distane, and the external eld.
1 Introdution
At present there exists a belief that single quantum systems, e.g., atomi traps,
and eletroni devies whose operation involves only a few number of eletrons,
ould be used to implement the so-alled quantum gates for quantum ompu-
tations. Quantum omputations (quantum omputers, or simply QC in what
follows) an eiently solve problems that are onsidered intratable by lassial
omputers, e.g., the fatoring of primes [1℄ and the simulation of others quan-
tum systems [2℄. As for lassial omputers, for the QC the aomplishment of
an arbitrary algorithm an be performed using just a few spei manipulations
alled universal quantum gates. With these universal quantum gates, a proess
that ats in an arbitrary number of quantum bits (qubits) an be onstruted
using gates that at only in one and two qubits.
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Although the rst realizations of quantum omputers were performed using
trapped ions [3℄, NMR [4℄, and optial avities [5℄, it is believed that, as for
lassial omputers, for QC the most promising objet for a possible large-sale
implementation, i.e., a implementation involving a large number of qubits, will
be the solid-state devies. Among these devies, one an highlight the system
of two oupled semiondutor quantum dots (QD) [6℄. In this system the qubits
are the one-half spin states of an exess eletron in eah dot, and the universal
quantum gates an be obtained by performing arbitrary rotation of the individ-
ual spin (one-qubit gate) and one operation apable of entangling the spins of
the two eletrons (two-qubits gate). Any suh operation with this entangling
feature an be used [7℄. The rotations and the entanglement operations an
be performed by applying external eletromagneti pulses to the dots. These
pulses an be applied in a serial manner, whih perform sequentially the one and
the two-qubit gates using a sequene of pulses, or in a parallel manner, where
the two and one-qubit gates are performed at one by the appliation of just
one adequate pulse (alled a parallel pulse). Due to the deohering eets it is
important to perform the operations in a minimal time, whih, as disussed in
[8℄, an be ahieved more adequately with a parallel pulse.
The adequate parallel pulse to implement a quantum gate an be obtained if
we know the Hamiltonian that desribes the oupled QD, but to onstrut this
Hamiltonian, one has to know the exat relation between the external param-
eters of the system (suh as the external elds and the physial harateristis
of the dot) and the interation between the eletrons. An advane in the de-
sription of this relation was obtained in [9℄, where the authors have used the
Heitler-London approximation to obtain an expliit expression that relates the
interation between the dots, the inter-dots distane and the external eletro-
magneti eld. However, in this artile, the two dots were subjet to the same
magneti eld, and, as we will see, a little dierene between the elds in the
dots possess a great inuene in the evolution of the system and, onsequently,
in the implementation of the gates. In addition, after the Hamiltonian is known,
we have to onstrut exat solutions of the evolution equation of this four-level
system. In our work [10℄ we studied possible exat solutions of a system of two
oupled spin one-half partiles subjet to external time-dependent magneti
elds.
In the present work we disuss one possibility of implementing an univer-
sal quantum gate, namely the exlusive or (XOR) gate, by using two oupled
QD subjeted to external magneti elds that are parallel and slightly dierent.
First, in Setions 2 and 3, we make a brief disussion of the model with the paral-
lel external magneti elds of general form, and desribe possible orresponding
exat solutions from our previous work [10℄. In order to have a omplete theo-
retial desription of the problem, one needs to nd relations between the spin
interation and external elds. This problem is solved in Setion 4. To this end
we generalize results of [9℄, derived for equal parallel external elds, to the ase
of dierent elds, obtaining relations between the spin interation, the inter-dot
distane, and the external eld. In setion 5 we onsider two parallel elds with
spei form. In the rst ase, parallel external elds with intensity dierene
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at eah spin being proportional to the interation between the spins, the latter
depending on time. General exat solution desribing this system is presented
and analyzed to adjust eld parameters. Then we onsider parallel elds with
intensity dierene at eah spin being onstant and interation between the
spins swithing on and o adiabatially. In both ases we adjust harateristis
of the external elds (their intensities and duration) in order to have the parallel
pulse adequate for onstruting the XOR gate.
2 Four-level system
In non relativisti quantum mehanis the dynamis of a xed spin one-half
partile, subjet to a time-dependent external eld K (t), an be desribed by
the Hamiltonian hˆ = (σ ·K) [11℄, where σ = (σ1, σ2, σ3) are the Pauli matries
and we set ~ = 1. The quantum Hamiltonian of two interating one-half spins
subjeted to external elds G and F, respetively, is hosen as, see e.g. [12℄,
Hˆ (G,F,J) = (ρ·G) + (Σ·F) + J
2
(Σ·ρ) , (1)
where the funtion J = J (t) denes the spin interation,G = (G1 (t) , G2 (t) , G3 (t))
and F = (F1 (t) , F2 (t) , F3 (t)) are the time-dependent external elds at eah
partile, and the 4×4Dira-matries ρ andΣ are in the standard representation
Σ = I ⊗ σ , ρ = σ ⊗ I , (Σ · ρ) = σ ⊗ σ =
3∑
i=1
σi ⊗ σi , (2)
where I is the 2× 2 identity.
The interation of the spins in (1) is known as the Heisenberg interation
and desribes, for example, the interations in the well known Hubbard model
[13℄. In partiular, under ertain onditions, this interation an be used to
desribe the oupling between two QD [6℄. In this ase, it is possible to ontrol
not only the external elds, but also the spin interation. When these QD are
used to implement a quantum gate, the operation of the gate is performed by
varying the external elds and the spin interation during a ertain time τ . To
this end, in order to justify the Heisenberg interation, the following onditions
(see [6℄) must hold:
1. The time τ annot be too small to avoid transitions to higher energy
levels, so that the time sale should be bigger than ~/∆E, where ∆E is
the dierene between the rst two energy levels;
2. The deoherene time of the physial system should be muh bigger than
τ .
The use of these QD to implement quantum algorithms requires ontrolling
the individual spins, whih an be done by the elds F and G, and any inter-
ation between the spins apable of reating a entangled state starting from a
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original produt state [7℄. A system desribed by the Hamiltonian (1) satis-
es these onditions. Namely, when the elds F and G are zero, the evolution
operation Rt (G,F,J) of the Hamiltonian (1) an be written as [10℄
Rt (0, 0,J) = exp [iΦ (t) /2] [I cosΦ (t)− iA sinΦ (t)] ,
A =
1
2
[I+ (Σ·ρ)] , Φ (t) =
∫ t
t0
J (τ) dτ , (3)
where I is the 4× 4 unity matrix. From the above expression we see that, when
Φ = pi/4, the evolution operator ats as the universal gate known as square root
of swap (U
1/2
sw ). The interation funtion J an experimentally be ontrolled in
many dierent ways, e.g., by applying eletrial or magneti elds to the dots
[14℄. So we an onstrut any quantum gate by a sequene of pulses by turning
on and o the external elds and the interation. For example, the XOR gate
an be onstruted as [9℄
UXOR = exp
(
i
pi
4
ρ3
)
exp
(
−ipi
4
Σ3
)
U1/2sw exp
(
i
pi
2
ρ3
)
U1/2sw . (4)
On the other hand, the onstrution of gates by a sequene of pulses is not
appropriate, beause the duration of all the sequene an be too long, violating
ondition (2) above, or the pulses need to vary too fast, violating the ondition
(1). So it is important to be able to implement the gates at one, applying just
one adequate eld. This single pulse is alled parallel pulse [8℄. For example, in
the ase of the XOR gate (4), to use a parallel pulse one needs to nd a eld
whose evolution operation, at a given instant τ of time, has the form
Rτ (G,F,J) = UXOR = exp
[
−ipi
4
(Σ3ρ3 +Σ3 + ρ3)
]
. (5)
In order to nd this parallel pulse, in a general ase, we need to know exat
solutions of the Shrödinger equation with the Hamiltonian (1) for dierent
kinds of external elds and interations. A large number of these exat solutions
are present in our previous work [10℄, and here we will use some of these results
to desribe the implementation of a UXOR gate. The proedure developed here
an easily be extended to others gates using others elds present in [10℄.
3 Parallel external elds
Let eah spin in our system be subjet to dierent time-dependent external
magneti elds along the z diretion,
G = (0, 0, µBg1B1) , F = (0, 0, µBg2B2) , B1,2 = B1,2 (t) . (6)
where µB is the Bohr magneton and gi the g-fator of the dot i. Therefore the
Hamiltonian (1) assumes the form
Hˆ =
1
2
[(Σ3 + ρ3)B+ − (Σ3 − ρ3)B− − J ] +AJ , B± = µB (g1B1 ± g2B2) ,
(7)
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with the onstant 4 × 4 orthogonal matrix A given in (3). For the rst and
fourth omponents v1 and v4 of the four-spinor Ψ, solution of the Shrödinger
equation (iΨ˙ = HˆΨ) with the above Hamiltonian, we get
v1 = C1 exp
[
−i
∫ t
0
(
J
2
+B+
)
dτ
]
, v4 = C4 exp
[
−i
∫ t
0
(
J
2
−B+
)
dτ
]
,
(8)
where C1,4 are omplex onstants. Besides, for the omponents v2,3 of Ψ, we
obtain the expression
iψ˙′ =
[
(σ·K)− J
2
]
ψ′ , ψ′ =
(
v2
v3
)
, (9)
K (t) = (J (t) , 0, B− (t)) . (10)
Making the transformation
ψ′ (t) = exp
[
i
2
∫ t
0
J (τ) dτ
]
ψ (t) , (11)
the two-omponent spinor ψ obeys the equation for a single partile with spin
one-half in an eetive external eld K (t), i.e., iψ˙ = (σ·K)ψ. Consequently, in
this ase, the four-level system problem redues to nding solutions of a two-
level system. Writing the solution of this two-level-system as ψ (t) = uˆtψ (0),
using the 2×2 evolution operator uˆt (J,B−), we an write the evolution operator
of the four-level-system governed by the Hamiltonian (7) as
Rt (G,F,J) = exp
(
− i
2
[(Σ3 + ρ3) Γ (t) + Σ3ρ3Φ (t)]
)
M (t) ,
Γ (t) =
∫ t
0
B+ (τ) dτ , Φ (t) =
∫ t
0
J (t) dτ , (12)
with the 4×4 matrixM (t) given by omponents of the single partile evolution
operator uˆt as
M =

 1 0 00 uˆt 0
0 0 1

 .
Writing the eetive eld K (10) as
K =
q˙+ [q× q˙]
1 + q2
, q˙2 = q1q˙3 − q3q˙1 , (13)
for an appropriate real three-vetor q (t), we an obtain the evolution operator
uˆt in the general form [11℄
uˆt =
1 + qq0 − iσp√
(1 + q2) (1 + q20)
, p = q− q0 + [q0 × q] , (14)
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where q0 = q (0). Thus we an onstrut the XOR operator (5) by using any
eetive eld K given by a vetor q that, after a ertain time T , points again
in the initial diretion (q (T ) ∝ q0). When this is the ase, uˆT = I and the
evolution operator Rt (12) will assume the form UXOR (5) when
Γ (T ) = Φ (T ) =
pi
2
mod (2pi) .
This periodiity in the diretion of the vetor q an be onsidered a general
property for whih the parallel eld ats as a XOR gate. An arbitrary hoie
of this vetor, respeting only this periodi ondition, an be used to obtain a
variety of parallel elds that will ertainly possess the adequate harateristis.
Although the interation funtion J depends on the applied external elds,
as we will see in the next setion, when B− << B+, we an make J = J (B+)
and onsider the vetor K in (10) as omposed of two independent funtions
J (t) and B− (t). Besides, the interation funtion an be ontrolled by eletri
elds [14℄, whose interferene in the spin states via the spin-orbit oupling, in
many pratial appliation, an be negleted. Then, if neessary, we an onsider
the funtions J, B− and B+ independently. In addition, although the obtained
expressions depend on the sum and on the dierene between the elds at the
spins, only the average value of this sum is relevant, so that the expliit form of
its time variation an be arbitrary.
Some omments on the experimental realization are in order. With the
tehnology available nowadays, systems of two oupled QD, eah holding ex-
atly one eletron, are routinely onstruted in experimental solid state physis
[15℄. The onnement of the eletron and the ontrol of the interation between
them an be performed by eletrial gates diretly assembled in the semiondu-
tor material using ething tehniques. The oupled eletron spin is a result of
the ombination of the Coulomb interation and the Pauli Exlusion Priniple.
The spin state of this system an be initialized using a variety of tehniques
[16, 14℄. In all experiments with suh systems, the dierene between the en-
ergy of singlet and triplet spin states are ontrolled by applying either stati
or time-dependent external magneti elds of intensity up to the order of a few
teslas. See, for example, the experimental setup [14℄. Therefore, the onstru-
tion of systems of two-oupled QD subjet to external parallel magneti elds
is ommonplae. However, the main problem in the experimental appliation
of the results presented in this work is to generate, and ontrol, a dierene
in the magneti eld felt by eah spin, that is, the manipulation of B− (7).
The quantity B− is not neessarily assoiated with a gradient in the applied
magneti eld. It is possible to ouple two dierent QD [17℄ in suh a way that
g1 6= g2. In addition, some tehniques permit the manipulation of the g-fator
by hanging the size of the dots or by the appliation of external eletromag-
neti elds [18, 19℄. The hyperne oupling between the eletron spin and the
nulear spins of the semiondutor material an also be explored to obtain a
eld gradient by produing a dierential Overhauser eld [20℄. As a result, we
an have a nonzero B− even when the two dots are subjet to the same external
magneti eld. Besides, it is possible to ne-tune the quantity B− with the
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appliation of a loalized magneti eld [21℄. In [22℄ an experimental setup of
this kind is used to ontrol the spin state of a single eletron in a oupled QD
system. The ne-tuning of the quantity B− has been an intense objet of study
in the urrent solid state experiments.
4 Relation between the interation funtion and
the external elds
In order to onstrut the evolution operator (12) for some spei parallel eld,
one needs to know the expliit dependene between the external elds and the
interation funtion. In the artile [9℄, the authors study two QD, oupled with
the Heisenberg interation (1), and use the Heitler-London approximation to
obtain an expression for the interation funtion J (V, a,B,E) as a funtion of
the gate voltage between the oupled QD (V ), the inter-dot distane (a), an
external magneti eld (B) and an external eletri eld (E). The knowledge
of the interation as a funtion of various parameters allows to ompensate the
hanges in J with the variation of one given parameter by ontrolling another
parameter. So one an, for example, vary the magneti eld B and maintain J
onstant by hanging the inter-dot potential V . This proedure allows treating
some parameters of the Hamiltonian of the system as independent. However,
the analysis developed in [9℄ onerns only the problem of two dots subjet
to the same magneti eld. Sine the work developed here depends on the
dierene between the elds at eah dot, we will repeat the proess given in
the ited artile, but with dierent magneti elds at eah dot. For dierent
parallel magneti elds (B1, B2) applied at the spins, the non-homogeneity of
the eld make it very ompliated to alulate J (B1, B2), sine, in this ase, the
Zeeman terms (ρ·G and Σ·F) will not be independent of the spae oordinates
anymore. Despite this fat, sine only a small eld dierene is important, the
elds an be onsidered homogeneous inside eah dot and the Heitler-London
approximation an still be used to desribe the interation funtion.
The model onsists of two idential bi-dimensional dots with an inter-dot
separation of 2a, eah dot with one eletron of harge e and subjet, respetively,
to the magneti eld B1 and B2 in the z diretion. The eld Bi is onsidered
homogeneous inside the dot i. In the Heitler-London approximation, we start
with a ombination of the orbital ground states of bi-dimensional single dots
and ombine this state in symmetri (|Ψ+〉) and anti-symmetri (|Ψ−〉) states
for the double dot problem as
|Ψ±〉 = |−+〉 ± |+−〉√
2± S2
where ϕ± (r) = 〈r |±〉 denotes the one-partile orbital entered at r = (±a, 0)
and S = 〈+ |−〉 the overlap between the two orbitals. The interation funtion,
or the exhange energy, is the dierene between the energies, J = 〈Ψ−|Horb |Ψ−〉−
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〈Ψ+|Horb |Ψ+〉 where the double-dot orbital Hamiltonian is given by
Horb = h
0 (r1) + h
0 (r2) + C , C =
e2
κ |r1 − r2| ,
h0 (ri) =
1
2m
[
pi − e
c
A (ri)
]2
+ V (ri) , i = 1, 2 ,
A (ri) =
Bi
2
(−yi, xi, 0) , V (x, y) = mω
2
0
2
[
1
4a2
(
x2 − a2)2 + y2] . (15)
In this expression c is the speed of the light, κ is the dieletri onstant of the
medium, m is the eetive mass of the eletron (e.g., m = 0, 067me in GaAs),
ri and pi are the position and the momentum of the i-th eletron, Bi is the
magneti eld at dot i and the harmoni potential well V (r) of frequeny ω0 is
motivated by experimental results [23℄. The matrix elements needed to alulate
J an be obtained by adding and subtrating in (15) the harmoni potentials
V± entered at xi = (−1)i a for the i-th eletron,
Horb = h
0
− (r1) + h
0
+ (r2) +W + C ,
h0± (ri) =
1
2m
[
pi − e
c
A (ri)
]2
+ V± (ri) ,
V± (ri) =
mω20
2
[
(xi ± a)2 + y2i
]
, W =
2∑
i=1
V (ri)− [V− (r1) + V+ (r2)] , (16)
and using the ground states funtions ϕ± entered at r = (±a, 0),
ϕ± (r) =
√
mω±
pi~
exp
(
± imaωL±
~
y
)
exp

−mω±
[
(x∓ a)2 + y2
]
2~

 ,
ω± =
√
ω20 + ω
2
L±
, ωL−(+) = eB1(2)/2mc , (17)
whih are eigenfuntions of h0± with energy ω±,
h0
−(+)
(
r1(2)
)
ϕ−(+)
(
r1(2)
)
= ω−(+)ϕ−(+)
(
r1(2)
)
.
With this, the expression for the interation funtion beomes
J =
2S2
(1− S4)
[
L− ~ω0
4
(
b2+ − b2−
)
(b− − b+)
b+b−
]
,
L =
(
〈12|C +W |12〉 − Re 〈12|C +W |21〉
S2
)
, b± = ω±/ω0 , (18)
using the expression (17) for the funtions ϕ± (ri) = 〈ri |±〉 we get
S2
(1− S4) =
1−∆2
(2 sinh (2M) + ∆exp (−2M) (2−∆3)) ,
M =
2d2
b+ + b−
[
b−b+ +
(
ωL+ + ωL−
)2
4ω20
]
, ∆ =
b− − b+
b− + b+
, d =
a
a0
,
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where a0 =
√
~/mω0 is the eetive Bohr radius of the dot. For the matrix
elements of W in (18) we have
〈12|W |12〉 − 〈12|W |21〉
S2
=
~ω0
2
{
3
2d2 (b− + b+)
2
[
1 + ∆2
(1−∆2)2 − 1
]
− 3
(
∆2 − 1
b− + b+
)
− d
2
2
(
∆4 − 6∆2 − 3)
}
and for the matrix elements of the eletri interation C between the eletrons
〈12|C |12〉 − Re 〈12|C |21〉
S2
=
e2
a0κ
√
pi
2
b¯
{√
(1−∆2) exp [−d2 (1−∆2) b¯] I0 [d2 (1−∆2) b¯]− exp
[
d2
2
K
]
I0
[
d2
2
K
]}
,
K = b¯
(
1 + ∆2
)− 1
b¯
+
√[
(1−∆2) b¯]2 − 2 (1 + ∆2) + 1
b¯2
, b¯ =
b− + b+
2
,
where I0 is the zeroth-order Bessel funtion. The quantity ∆ is related to the
dierene and to the sum of the elds (B′± = B1 ±B2, without the g-fator) at
the dots by
∆ =
B′+B
′
−
2

(2~ ω0µB
)2
+B′ 2+ +B
′ 2
− +
√[(
2~ ω0µB
)2
+B′ 2+ +B
′ 2
−
]2
− (2B′+B′−)2


.
This quantity an be used to evaluate the error in onsidering J independent
of B′−. In the denominator of the above expression, usually only the rst term
is relevant, e.g., for a typial GaAs dot we have ~ω0/µB = 50 T. For the same
eld at both dots we obtain the result given in [9℄.
5 The exlusive OR gate
Here we establish the parameters of two kinds of parallel external elds that an
at as a XOR gate, that is, elds in the form (6) whose evolution operator (12),
at a given instant of time, has the form (5). The same analysis presented here
an also be arried out for the 26 dierent families of external elds presented in
[11℄, whih gives a wide range of elds to hoose from that are more appropriate
to adjust to experimental setups. All the development depends on the ability
to vary independently the dierene B− and the interation J , but, as we saw
in the previous setions, there are various irumstanes when this requirement
an be satised.
5.1 B− proportional to the interation
Suppose that we obtain, theoretially or experimentally, an expression for the
interation funtion J , and we hoose B− suh that it is proportional to J . As
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a onsequene we an write
J (t) = q (t) sinλ , B− (t) = q (t) cosλ ,
where q (t) is an arbitrary funtion of time, and λ is a real onstant. Then,
the general solution of equation (9) an be written as ψ (t) = uˆtψ (0) with the
evolution operator uˆt given by
uˆt = cosω − i (σ1 sinλ+ σ3 cosλ) sinω , ω (t) =
∫ t
0
q (τ) dτ . (19)
Seleting the instants T when cosω = 1,
ω (T ) =
∫ T
0
q (τ) dτ = 2npi , n ∈ N∗ , (20)
the evolution operator (12) of this problem assumes the form
RT = exp (i3npi) exp
[
− i
2
(Γ [Σ3 + ρ3] + 2npiΣ3ρ3 sinλ)
]
.
So to obtain the XOR gate (5), up to a phase, at every instant T (20), we have
to set
Γ (T ) = 2npi sinλ =
pi
2
mod (2pi) ,
or, in a more expliit form,
sinλ =
4m+ 1
4n
, m ∈ N , m < n .
When the interation J and the dierene B− are onstants, so q is a on-
stant, we obtain
Γ (T ) = JT mod (2pi) , T =
2npi√
J2 +B2−
. (21)
For the speial ase of a onstant sum of elds B+, the above expression an
be ompared with the XOR gate obtained in [8℄. To have a idea about the
physial values involved in the expression (21), for a typial GaAs QD [9℄, for
an interation about 50 µeV and a B− of 10 mT we obtain a XOR gate in a
time of 10 ps.
5.2 Adiabati pulse
The implementation of the quantum gate is performed by the variation of the ex-
ternal elds. However, as desribed in ondition (1) of setion 2, these variations
an not be so fast so as to prevent the exitation of higher energy-levels. This
problem an be avoided by using an adiabati variation of the elds, whih an
be obtained by a time-dependene in the form of sech (ωt) [8℄, with ω << ∆E/~
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(see ondition (1) in setion 2). In this setion we analyze the ase when the
eld's dierene is onstant and the interation varies adiabatially. The ase
when both the interation J and the dierene B− vary adiabatially is a spe-
ial ase of the preeding setion. The ase when the interation funtion is
maintained onstant and the quantity B− vary adiabatially an be study by
knowing that [11℄: if ψ is a solution of the equation (9) with the external eld
(K1, 0,K3), then ψ˜ = (2)
−1/2
(σ1 + σ3)ψ is a solution of (9) with the external
eld (K3, 0,K1). In addition, for B− not proportional to J a lot of solutions of
this sech form an be found in [11℄.
Suppose that, by vary B+ or by ontrolling the eletri potential between
the dots, we obtain a variation in the form
J (t) = a/ coshωt , B− = c , (22)
where a, c are onstants. The evolution operator uˆt of equation (9) with the
above elds is given by
uˆt (t) =
1
|G02|2 + |G01|2
(
G1 (z) −G∗2 (z)
G2 (z) G
∗
1 (z)
)(
G0 ∗1 G
0 ∗
2
−G02 G01
)
, (23)
where the ∗ indiates omplex onjugation and
G1 (z) = (2c− iω) z−ν (1− z)ν F (λ,−λ; γ; z) ,
G2 (z) = 2az
−ν+1/2 (1− z)ν+1/2 F (1 + λ, 1− λ, γ + 1; z) ,
z (t) =
1
2
(1− tanhωt) , G0i = Gi (1/2) ,
ν = − ic
2ω
, γ = 1/2− 2ν , λ = |a|
ω
. (24)
In these expressions, F (α, β, γ, z) is the Gauss hypergeometri funtion.
If we use the seh variation to reate a pulse of the interation funtion, this
pulse will be turned o when t >> 1/ω. In this time limit we have limωt→∞ z =
e−2ωt and F (α, β, γ, 0) = 1. If in this limit, we hoose
G02 = aF
(
1 + λ, 1− λ, γ + 1; 1
2
)
= 0 , (25)
the evolution operator (23) assumes the form
uˆt (ωt→∞) = exp (−iσ3tc) . (26)
So, following the proedure of the preeding setions, we see that the evolution
operator (12) will behave as a XOR gate (5) in the instant T , when Γ (T ) =
pi/2mod (2pi) and, for c 6= 0,
a =
ωpi (1 + 4m)
4 arctan [exp (ωT )]− pi , T =
npi
c
, n,m ∈ N∗ , (27)
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or, in the limit ωT >> 1, a ≃ ω (1 + 4m).
The ondition (25) an be obtained in various ways, for example, in the
speial ase when c = 0 (and onsequently limωt→∞ uˆ = I in (26) and we an
abandon the ondition T = npi/c) we an use the relation [24℄,
F
(
1 + λ, 1− λ; 3
2
;
1
2
)
=
1
λ
sin
(
λpi
2
)
. (28)
So, we obtain the desired ondition whenever |a| = 2mω, m ∈ N∗. But, one
(27) gives a as an odd multiple of ω, it seems that the gate an not be obtained
with equal elds at both dots.
6 Some nal remarks
We have demonstrated that the general solution of the Shrödinger equation
for the system of two interating spins plaed in parallel magneti elds an be
redued to the general solution of the orresponding equation for only one spin
in an eetive external eld. This allows us to use the known exat solutions
of the latter problem to obtain exat solutions for the system of two spins. In
turn, this was used by us to desribe a onstrution of a universal quantum gate.
We have found restritions on external magneti elds (in terms of the eetive
eld for the one-spin system) suh that the four level system an at as a XOR
gate. The expliit form of the evolution operator and the known dependene of
the spin interation with the magneti eld show that a small dierene in the
elds applied at eah dot (or a small dierene in g-fators of these dots) an
be explored to ontrol the quantum gate without hanging the spin interation.
One of the problems in the pratial appliation of the theoretial results in
onstruting universal quantum gates is the knowledge of the spin interation as
a funtion of external elds. This funtion an be obtained, in a way unrelated
to the Heisenberg interation model, using a theory that takes into aount the
physial harateristis of the system, as we do here using the Heitler-London
approximation. If from the expression of J , obtained from this more omplex
model, follows that J does not depend on B− for B− ≪ B+, we are free to
hoose B− as a funtion of J (B+). By using this expression of J (B+), and
hoosing B− (t) to be proportional to J (B+), we an measure the probability
transition between the states |↑↓〉 and |↓↑〉 (the swap operation). Aording to
our results, this probability is equal to sin2 λ sin2 ω. This result an be used
to test the onsistene between the J (B+), obtained by any model, and the
Heisenberg interation model.
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